Introduction
Equipment using transient or harmonic electromagnetic fields for the probing of geophysical media has been introduced in recent times with ever increasing sophistication (e.g. SIROTEM 1977). More and more sophisticated mathematical models are required to aid the interpretation of data obtained with these equipments. A basic problem is the modelling of the electromagnetic fields caused by a time-varying current in a loop laid above a layered and conductive earth in which is buried a geoelectrical object to be detected, e.g. an ore body. The dimension of the loop (20-200m ) is comparable to the size and depth of the geoelectrical object.
Though a large amount of general literature is available, most of the published results refer to the case of a layered earth without a finite heterogeneity (ore body) or to smallloop systems. Lee (1974 Lee ( , 1975a , Raiche (1974) and Thio (1977) give useful bibliographies on the subject. Lee (1975a, b) recently presented numerical results for the case of large 672 loops above a conducting ground with a buried sphere, which has different conductivity but the same magnetic permeability as the surrounding medium.
One reason for the scarcity of useful results here is the lack of suitable mathematical techniques to cope with Riemann boundary value problems where boundaries are present which cannot be fitted with coordinate surfaces of a single separable coordinate system. Integral-equation methods are widely used to solve such problems. These methods are very general and are capable of dealing with irregularly shaped boundaries. Due to their generality, however, they are principally numerical techniques of solution.
A method based essentially on separation of variables was used by Fox (1960) and others in elasticity and by Smythe (1960) in electrostatics to solve similar kinds of boundary value problems with Dirichlet and Neumann boundary conditions. In the context of geophysical electromagnetism, the method was systematically formalized and extended by T h o (1977, 1979) to problems with boundary conditions of kemann type where the requirement is for certain functional forms to be continuous at the boundaries rather than for the functions to take on certain specified values at the boundaries. Thio referred to the general framework he used as the method of Transformation of Local Element (TOLE).
In this paper we shall apply the method of TOLE to obtain analytical expressions for the electromagnetic fields due to a harmonic current in a circular loop or the Fourier transform of the electromagnetic field due to a general time-varying current in such a loop. The loop is coaxial with a sphere buried in a homogeneous halfspace (Fig. 1) . This is the geometry first treated by Lee (1974 Lee ( , 1975a using an integral-equation method. The solution obtained here differs from that of Lee in both the form and the method of construction and so complements the work of Lee. It is, however, a significant departure from Lee's work as Lee did not take into account differences in the magnetic permeability of the sphere (ore body) and that of the surrounding medium. We do in our present treatment. Using the solution presented here the effects of magnetic permeability can be analysed. In the integralequation method, to take account of the permeability differences would require the simultaneous solution of a coupled pair of integral equations (Raiche 1974) . 
Sphere in a halfspace 673
The special features of the method of TOLE are the use of a set of functions called the local elements, the form of expansion adopted for the EM field and the way the boundary conditions are satisfied. After the introduction of the local elements in Section 2 , the form of expansion used is developed in Section 3. In Section 4 the consequences of the boundary condition at the planar interface are analysed. Those arising from the spherical surface are similarly analysed in Section 5. The coupling of the two geometries is shown in Section 6 and the final expressions for the electric field obtained. A few remarks are made in Section 7 regarding the particular form of expansion used.
2 The geometry, the governing equation and the local elements Let E(x, t ) be the electric field at a position x and time t. It has a Fourier transform E(x, w ) given by
In a region where the conductivity is u, magnetic permeability p and electric permittivity E , Maxwell's equations require that the Fourier transform E(x, w ) satisfies the equation
where k is the propagation constant given by d(pew2 + iopu), and J, is the Fourier transform of the applied current density. The geometry to be considered is shown in Fig. 1 . The whole space is partitioned into two halves, denoted as regions Ro and R 1 respectively. The sphere is embedded in the region R 1 and is denoted as region So. We also denote the entire space external to the sphere as S1. The propagation constant k and the magnetic permeability p in the cylindrical regions Ri, i = 0 and 1, are specified by ki and pi respectively. The corresponding quantities in the spherical region So are indicated by K~ and mo respectively. The radius of the sphere is ro. A Cartesian coordinate system is set up with the centre of the sphere as the origin and the x-y plane chosen to be parallel to the planar interface between the regions Ro and R1.
A circular loop carrying a current f ( t ) and of radius p' is positioned in the plane z = z' with its centre on the z axis. The electromagnetic field associated with the geometry is necessarily axisymmetric and the electric field has only a component in the azimuthal direction.
Let the azimuthal component of the electric field be denoted by I?+(x, t ) and its associated Fourier transform by E+(x, w). It can be deduced from (2.1) that E+(x, w ) must satisfy the following equation in a region where k is the propagation constant:
(2.2)
is the Fourier transform of the time-varying current i ( t ) in the loop and the. operator A , can be expressed alternatively in cylindrical coordinates ( p , 4, z) and in spherical coordinates (r, 0, #) thus:
If the current in the loop is harmonic with a time dependence exp (-jot), i.e. if i ( t ) = Ioexp(-iot), then the electric field l?+(x, t ) is given by EO(x, o) exp (-jot) where EO(x, a) is the solution of (2.2) with I ( w ) set to Zo.
Apart from the equation (2.2), the field E@ also has to satisfy certain boundary conditions (see later) at the interface z = zo and the spherical surface r = ro. Within the framework of TOLE these requirements are met by using a set of functions which are separable solutions of the homogeneous counterpart of (2.2),
To deal with the geometry of Fig. 1 , we shall be using simultaneously both the cylindrical and the spherical system of coordinates.
Thus, in the cylindrical system of coordinates ( p , @, z), we consider the set These two sets of local elements G, and G, will be used simultaneously to construct the electric field E6 in the next section.
The form of expansion
We decompose the solution E~( x , o) as a sum of two parts,
where Q is a particular integral of the equation (2.2), and H satisfies the associated homogeneous equation,
Since the loop is in region Ro we may set the particular integral Q(x, o) = 0 for xc$ RW
For x E Ro we let
where vo(X) = (A' -k;)"'. It can be verified that, indeed,
and hence Q is a particular integral o f equation (2.2). 4 The boundary conditions at the planar interface
The usual boundary conditions are the continuity of the normal component of the current density J and of the magnetic induction B and the continuity of the tangential component of the electric field E and of the magnetic field H (Stratton 1941). The form of expansion adopted in the previous section for the solution at points adjacent to the boundary z = zo are expressed in terms of cylindrical coordinates and functions, all except for one term, namely, \k?(x, k l ) in the region R 1 n S1. This latter term is in spherical coordinates and functions and upsets the usual method of satisfying the boundary conditions. Adopting the procedure of TOLE, we shall transform this term into a cylindrical form locally. 
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where the argument h has been omitted for the functions Co, D1, 0, vo and V I .
P as
From (4.4) and (4.9, the unknown coefficients can be obtained in terms of the function
or, explicitly, as we shall require the result later,
We note that in the absence of the sphere, we would have = 0 and the solution in that case is completely determined by (3.1), (3.4) and (3.5) with the coefficients C0@) and Dl(h) given by (4.6). In the general case where the sphere is present, the function B(X) remains to be determined.
The boundary conditions at the spherical surface
We switch to spherical coordinates at the spherical surface r = ro. At points adjacent to the boundary the field E@jx, w ) = H(x, w ) since Q(x, o) = 0 in R n S1 and in So. An inspection of (3.5) and (3.6) shows that all the terms involved in determining the field near the Sphere in a halfspace 677 spherical boundary are already in spherical form except the term *?(x, k l ) . We can express t h s term in spherical form by using the transformation: m V*(x; k ) = 1 X"2Yl [v(h)/k]S1(x; k).
= 1
This transformation has appeared in Watson (1952, p. 370) under the guise of a relationship between special functions. Using this transformation, the solution H(x, o) in the region R n S1 can be put entirely in spherical form thus:
The boundary conditions at the spherical surface can now be handled in the usual way.
The various conditions on the four electromagnetic vectors E, J, B and H reduce in this case to the continuity of EQ and ( l / p ) (a/&) (rEo) across the surface r = ro. The latter gives rise to two relationships between the expansion coefficients correspondingly, thus:
where 77 = kl ro and ( = rcoro, and the argument 1 for the coefficient functions A , B and ar has been omitted. (5.8)
The recurrence relation
for the spherical Bessel functions (Abramowitz & Stegun 1970) has been used where necessary to make the above expressions for the coefficients RA,21 and RA,2z free of derivatives of the spherical Bessel functions.
6 Coupling of the two geometries and the final solution So far the unknown expansion coefficients B(1) which is required for evaluating the complementary function in the region R 1 n S1, has been given in terms of the connecting function Finally, by putting the expression (6.9) for g ( l ) into (6.6) and substituting the resulting expression for a(Z) into (6.4), we obtain the sought-after set of linear algebraic equations for the coefficients B(Z), thus,
The solution of this set of equations determines the coefficients B(I), in terms of which the other coefficient functions, Dl(X), Co(h) and A(I) can then be determined. With these coefficient functions determined, the electric field E @ ( x , w ) at any position can then be evaluated using the expressions (3.1) through (3.10).
Regarding the coefficients B(l) as a measure of the moments of the equivalent multipoles that would have to be placed at the centre of the sphere to replace the effects of sphere, the first term u(l; Q, f)f(Z) on the right side of the equation corresponds to the induction of these multipoles directly by the source loop after 'refraction' at the interface z = zo. The factor u(l; Q, {) may be regarded as the coefficient of induction for the Ith multipole while the factor (1 -pol(h)) appearing in the expression (6.7) for f ( l ) may be regarded as the refraction coefficient. The second term in (6.1 1) corresponds to the excitation by the 'images' of the multipoles after 'reflection' in the plane z = zo (cJ: the image interpretation of the solution in the stationary-current case of Thio 1979 ).
This concludes the formal solution of the time-dependent problem of a sphere in a halfspace by the method TOLE. Specific results would require the evaluating of the integrals implicit in (6.1 1) and solving the set of simultaneous linear algebraic equations. Methods for solving such a set of equations can be found in Fox (1964) . Further analysis of the solution and its use to generate numerical results will be given in a subsequent paper.
Remarks
The expansion used for the electric field, or specifically, for the functions Q and H of (3.1), in solving the present problem differs slightly in structure from that used by Thio (1979) in solving the related stationary-current problem. Thio, in solving the stationary-current problem, has exploited the spatial invariance of the governing operator in that case, namely the Laplacian, and used a form of expansion which led to a transparent interpretation of the solutions in terms of a simple image theory. The problem treated in the present paper is governed by an operator containing the propagation constant which varies from region to region. Other forms of expansion for the functions Q and H are possible but we have chosen as simple a structure for these functions as possible so that the boundary conditions may be satisfied readily.
The feature worthy of special comments is the simultaneous use of both cylindrical and spherical functions in (3.5) pertaining to that part of the solution in the region R 1 n S,.
Although other forms of expansion are possible, the simultaneous use of cylindrical and spherical functions cannot be avoided in any expansion in this region for the geometry of (1) the expansion were to be analytic uniformly throughout the region (note that the representation (4.2) in terms of cylindrical functions is only valid when the coordinate < O), (2) the radiation condition at infinity were to be satisfied and (3) sufficient number of independent sets of undetermined coefficients were to be provided by the expansion to deal with the boundary conditions. A detailed discussion on this aspect is given by Thio (1979) in the treatment of the related stationary current problem. where r< is the smaller of r and r' and r> is the larger of r and r', or in terms of the local element S, and q, we have
0)
C(x, x'; k ) = C kp'Sl(x'; k )~~( x ; k ) , if r > r ' .
= 1
By the uniqueness of the Green's function, (Al) and (A2) must be different representation of the same function, thus where the requirements z < z' < 0 and r > r' are consistent. By using the transformation (5.1) we can express the local element VA in the right side of (A3) as a linear sum of the local elements S,. On interchanging the order of summation and integration in the resultant expression and equating the coefficients of the linearly independent functions Sl for different values of I, the required transformation (4.1) is obtained.
The process can be generalized by considering the general Helmholtz operator V2 + k2. This generalization will be given elsewhere.
